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S T A B I L I T Y  OF A REINFORCED CIRCULAR CYLINDRICAL 
SHELL SUBJECTED TO COMPRESSION 

AND PURE BENDING 

by 
K. W. Turkin 

Moscow 

1. INVESTIGATION O F  THE ROLE OF SHEAR DEFORMATION 
I N  A GENERALLY DEFORMED STATE O F  A CYLINDRICAL 

SHELL DURING THE LOSS OF S T A B I L I T Y  CAUSED 
BY CENTRAL COMPRESSION 

We s h a l l  examine t h e  s t a b i l i t y  of a r e in fo rced  c y l i n d r i c a l  s h e l l  
w i th  a changing c i r c u l a r  c ross -sec t ion  contour under t h e  in f luence  of a 
uniformly compressing l i n e a r  load P along t h e  g e n e r a t r i c e s ,  which i s  
appl ied  t o  t h e  ends. 

c i r  

We w i l l  d e f i n e  t h i s  type  of loading a s  c e n t r a l  compression. 

W e  w i l l  r e f e r  t h e  s h e l l  t o  a s t a t i o n a r y  system of coord ina te s ,  
w i th  i t s  o r i g i n  a t  t h e  cen te r  of the end c ross - sec t ion  0, t h e  z -ax is  
p a r a l l e l  t o  t h e  g e n e r a t r i c e s ,  and 'p t h e  angle  between t h e  i n i t i a l  and 
t h e  running r a d i i ,  as shown i n  f i g .  1. We w i l l  d e f i n e  t h e  r a d i a l  d i s -  
placements of t h e  po in t s  of t h e  mean s u r f a c e  a s  

where u ( z )  i s  t h e  unknown funct ion  o r i g i n a t i n g  from t h e  z -coord ina te  

and u (s) i s  t h e  func t ion  of t h e  s -coord ina te ,  which i s  s e l e c t e d  accord- 

i n g  t o  t h e  type  s t a b i l i t y  loss being examined. 

1 

2 

A l l  displacements a r e  extremely small  and a r e  deducted from t h e  
mean c y l i n d r i c a l  su r f ace  a f t e r  applying t h e  c r i t i c a l  load t o  t h e  s h e l l  
and b e f o r e  t h e  bulging e f f e c t  begins. 

We w i l l  concern ourse lves  with t h e  r o l e  of shear  deformation i n  

i n  va r ious  cases  of t h e  mean s u r f a c e  y = 5 + 2 and the expansion e 

bulg ing .  

ss 
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Fig. 1 

We w i l l  i n v e s t i g a t e  t h e  case of  asymmetrical bulging i n  r e l a t i o n  
t o  t h e  a x i s  of t h e  cy l inde r .  

We s h a l l  determine t h e  deformed and s t r e s s e d  s t a t e  i n  t h e  /478 

Moreover, 
mean s u r f a c e  of t h e  s h e l l ,  following t h e  approximate method of i n v e s t i g a -  
t i o n s  of shear  deformation described i n  another  a r t i c l e  [31. 
w e  s h a l l  preserve t h e  same s p e c i f i c a t i o n s .  

We s h a l l  apply t h e  unknown quant i ty  

as a cons t an t ,  and w e  s h a l l  show t h a t  i t  i s  p o s s i b l e  t o  select  i t  i n  
such a way t h a t  i t  w i l l  not  be contradictory t o  t h e  following condi t ions 
of t h e  deformed and s t r e s s e d  s t a t e  i n  t h e  mean s u r f a c e  of t h e  s h e l l :  

1) -I=%; (1) 
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and so t h a t ,  moreover, t h e  c r i t i ca l  load w i l l  b e  minimal. 

W e  s h a l l  impose a less r i g i d  condi t ion on t h e  shear  deformation 

Y than i n  appl ied t h e o r i e s  which employ K = -1 (Y = 0) o r  K = 0 (5 = 0) 

s i n c e  we  s h a l l  d e f i n e  t h e  quan t i ty  K b u t  w i l l  not  employ i t  i n  t h a t  
form i n  advance of t he  assigned number. A s  a r e s u l t ,  w e  s h a l l  succeed 
i n  avoiding a discrepancy between tangent o r  normal stresses and t h e  
corresponding r e l a t i v e  deformations which are observed i n  t h e  above- 
mentioned appl ied t h e o r i e s .  

W e  s h a l l  t reat  t h e  middle l i n e  of t h e  c ros s - sec t ion  as nonexten- 
s i b l e ;  i n  s i m i l a r  types of s t a b i l i t y  l o s s  i n  t h i n  r i n g s ,  nonoblique 
arcs, e tc . ,  such an assumption i s  general ly  made. 

On t h e  b a s i s  of t h e  accepted assumptions, w e  have 

S We s h a l l  a s s i g n  t h e  func t ion  u (s) i n  t h e  form u2(s)  = cos n - = 2 r 

cos ncp, consider ing t h a t  i n  t h e  cross-sect ion a number of waves can b e  
formed (n = 1, 2 ,  3 ,  4 ,  ...)*. We s h a l l  accept  t h e  bending r i g i d i t i e s  
of r i b s  and s t i n g e r s  as constant  and s h a l l  des igna te  them Brib and Bstr. 

i s  t h e  l i n e a r  bending r i g i d i t y  of r i b s  i n  r e l a t i o n  EJr ib  = B r i b  

t o  t h e  a t t ached  casing; 

*In t h e  case n = 0 ,  t h e  hypothesis of n o n e x t e n s i b i l i t y  of a middle l i n e  
must b e  ignored. 
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. 
. 

= Bstr is the linear bending rigidity of stringers in re- EJstr 
lation to the attached casing. 

It is possible to imagine the shell in the form of the following 
model. 

The casing is reinforced by centered ribs and stringers, which 
are located at a distance equal to unity from one another and possess 
bending rigidity only in the radial direction. The casing can be dis- 

generatrices and axes parallel to the s-axis without preventing the 
flexing of ribs and stringers. 

placed, deformed along the generatrices and can twist about the - f479 

In this way, it is assumed that the displacement of the casing 
does not involve, for instance, the twisting of stringers and their 
flexing in the direction of the s-axis nor does it cause complementary 
local stretching or compression from corresponding deformations of the 
casing which arise in the twisting. 

The selection of such a model is justified if we consider that 
during the twisting, rivet and other connections virtually eliminate 
the displacement of elements relative to one another in the direction 
of the mean surface; in other directions, some relative displacements 
are tolerated. 

From the condition e = 0, we shall obtain 
s s  

v = -1 rd cp + vo(z) r 

From the condition of symmetry of a bulge relative to the sur- 
face, which passes over the z-axis and the origin of the s-coordinates, 
we have 

vo(z) = 0. 

Then, 

1 v =r - u,(z) ;; sin ncp. 

From the condition T p. Gy, we shall obtain the expression of 
tangent stresoes in the mean surface of the shell 
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From t h e  s t a t e  of  equi l ibr ium of an element d s  X dz ,  w e  s h a l l  express  
t h e  complementary normal stresses i n  t h e  mean s u r f a c e  o through t h e  

q u a n t i t i e s  K ,  u,(z) and n: 

ZZ 

cr zz  = 9 a7 as dz + o0(s )  = r [ /u i (z )  d.] cos nv f o 0 ( s ) .  

0 0 

We s h a l l  select t h e  quan t i ty  K so t h a t  t h e  e longa t ion  deformation e 

equal  t o  a t o  agree w i t h  t h e  stresses 0 

r e l a t i o n  0 = E -. We have 

i s  zz 
a, 

aw 
zz  az 

. For t h i s ,  w e  s h a l l  u se  t h e  
Z zz  

whence 

O 0 ( S ) Z  

w - &[ E r  [ul(z) dz] cos ncp (1 + K) + E + wo(s)  

0 
It i s  known t h a t  t h e  inf luence of terminal  cond i t ions  i n  t h e  

amount of t h e  c r i t i c a l  load i s  n e g l i g i b l e  i n  t h e  l eng th  o f  t h e  s h e l l  pro- 
vided i t s  diameter i s  s u f f i c i e n t l y  great. W e  s h a l l  examine such a 
s h e l l  and w i l l  assume 0 (s) = w o ( s )  = 0,  which w i l l  no t  i n f luence  t h e  0 

c r i t i c a l  load. Then, z 
/- 

A s  w i l l  be  seen below, u ( z )  can be expressed i n  t h e  form 1 

I480 

m 
u,(z) c s i n  - L z 
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where m i s  t h e  number of halfwaves i n  l eng th  L and C i s  t h e  g r e a t e s t  
dev ia t ion  of s t r i n g e r s  from a r i g h t  angle  

Then , 

2 (1 + K) K = - dln 
k2  

where 

mrr k = -  G 

E r  
- -  

2, L .  dl - 

Hence, it i s  poss ib l e  t o  express  k2 through n and K: 

2 1 k2 5 - dln (1 + K) - K '  (5) 

I n  t h i s  manner, t h e  value of t he  quant i ty  K, i n  which condi t ions  (l), 
(2), and (3) are m e t  s imultaneously,  w i l l  correspond t o  each va lue  of 
k and n. 
a l s o  k) t o  be such, t h a t  t h e  c r i t i c a l  load Pci r  i s  minimal. 

Fu r the r ,  we s h a l l  s e l e c t  t he  va lue  K and n (and consequently,  

W e  s h a l l  u t i l i z e  t h e  extreme p r o p e r t i e s  of t h e  system's  p o t e n t i a l  
energy f o r  t h e  conclusion of t h e  d i f f e r e n t i a l  equat ion.  

We s h a l l  examine t h e  system's p o t e n t i a l  energy, accumulated i n  
t h e  process  of bulging under t h e  effect: of a load pcir. 

We s h a l l  compile expressions of s e p a r a t e  p o t e n t i a l  energy 
(accumulated by an element of u n i t  length and width)  according t o  s e p a r a t e  
shapes of deformation. 

The bending energy of s t r i n g e r s  i s  

The bending energy of r i b s  i s  
0 

M' 2 n2 - 112 2 1 r i b  cos ncp. = - . - = -  
'rib 2 Brib r 



Here, 
w e  have 
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:cording t o  t h e  theory of t h i n  r i n g s  and curves of beams 

= z -  'rib ( - a2 ; + .) . 
acp 2 r M r i b  

The energy of t h e  shear  of the cas ing  i s  

1 Gh 2 2 2  
2 1 . r  

= - * - h a - * 2 (1 + K) [u; ( z ) ]  s i n  ncp 
n '0 shear  2 G 2 

The energy of ex tens ion  - t h e  compression of t h e  cas ing  is  
3 

/481 The energy of t o r s i o n  of elements of t h e  cas ing  i s  

2 

ncp . (n2 - 112 sin2 2 
.= ' t w i s t  [-I 2 

2 t w i s t  
a - .  

'0 t w i s t  2 n 

Here, 

where Xsz = $ 
d s  x dz i n  r e l a t i o n  t o  t h e  s- and z-axes. 

i s  t h e  r e l a t i v e  angle  of t o r s i o n  of element 

L e t  us  cons t ruc t  t h e  expression of s epa ra t e  energy equal t o  t h e  
e f f e c t  of s t r e s s e s  i n  the  cas ing  and t h e  s t r i n g e r s ,  which are bulging 

* If t h e  connection between t h e  s t r i n g e r s  and t h e  cas ing  along t h e  
g e n e r a t r i c e s  i s  s u f f i c i e n t l y  r i g i d  ( f o r  i n s t ance ,  i f  t h e  s t r i n g e r s  
a r e  made as a u n i t  w i th  the  casing) i n  t h e  expressions of energy of 
ex tens ion  (compression of t h e  casing toge ther  w i th  t h e  s t r i n g e r s )  i t  

E- 
- h + -  A st r  in s t ead  of t h e  th ickness  

str  reduced b 
i s  necessary t o  assume h 

of t h e  cas ing  h. 
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from a critical load, on the displacements of the approach to the ends 
to the center line of an element one unit in length caused by its 
inclination due to bulging relative to the corresponding generatrix: 

the projection on the surface of the cross-section of a complete dis- 
placement of points of a mean surface is designated here by the letter 
w 

The complete potential energy of the system is 

IJ =]dzf(Wo -I- Ao) ds = F(ul,ui,ui')dz 
0 0 i 

whereupon 

where 
2n 

7 = ~J(Cos2ncp TI  +- &)dg n 2 = (1 + 5). 
0 

\ 
Euler's equation 



y i e l d s  t h e  equat ion of t h e  

Bstr u i v  + 

where t h e  des igna t ions  a r e  

Gh B = -  2 n 

‘1 B r i b  

system’s equi l ibr ium 

introduced : 

n 

(n2 - + G2h 2 - ( 1 + K )  . 
E r  2 4 r 

Having s u b s t i t u t e d  i n  ( 6 )  the  s o l u t i o n  of t h i s  equat ion i n  t h e  rr 

form u ( z )  = C s i n  kz and having solved t h e  c h a r a c t e r i s t i c  equat ion i n  

r e l a t i o n  t o  p - w e  have 

1 

cir  ’ 

= L ( B  k 2 + B + > )  

k P c i r  7 str (7) 

2 We s u b s t i t u t e  here  t h e  value k from (5) and assume E = 2 6  (1 + p). 
n,  w e  express  t h e  c r i t i c a l  load p c i r  

= - Gh \(l + K) - 7 1 [4Jrib(l P I 2  (n2 - l l2 (1 + K +  K) 
hr  P c i r  qn2 

The minimum condi t ion  pCir (v = 0) leads  t o  t h e  equat ion  
1_,’ 

3 2 f(K) = K4 + 2K + (1 + p - q) K + 2pK+ p = 0 
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where 

Jstr 4 .  
P = -  2 n y  

h r  

2 2  2 (1 f P I  (n - 1) 4Jr ib  
q = -  2 

h r  

The s o l u t i o n  of equat ion (8), toge ther  wi th  (7'), gives  t h e  

dependence Pcir on t h e  number n ,  whose quan t i ty  mus t  be  chosen from a 

cir minimum condi t ion  p 

It i s  p o s s i b l e  t o  search  f o r  t h e  s u b s t a n t i a l  r o o t s  of equat ion 
(8) which concern u s  by means of var ious approximation methods, 
numerical ly  as w e l l  a s  g raph ica l ly .  
of t h e  equat ion of t h e  f o u r t h  power v i a  i t s  c o e f f i c i e n t s  a l s o  e x i s t s .  
But t h e s e  methods cannot g ive  conc1us.ive r e s u l t s  i n  t h e  form of simple 
formulas . 

An a n a l y t i c  expression of t h e  r o o t s  

We s h a l l  employ t h e  method of approximate de te rmina t ion  of r o o t s  
i nd ica t ed  by A. N. Krylov C41. This method w i l l  enable  u s  t o  p re sen t  

t h e  express ion  p 

number of waves i n  t h e  c ross -sec t ion  n. 

i n  a simple form by means of known q u a n t i t i e s  and t h e  c i r  

W e  s h a l l  no te  f i r s t  of a l l  t h a t  i f  t h e  quan t i ty  q i s  considered 
smal l  i n  comparison wi th  u n i t y  and temporar i ly  d i s r ega rd  i t ,  then 
equat ion  (8) can be expressed i n  the  fol lowing form: 

f l  (ii) = (ii + 1)2 (E?"+ p )  0. 

Only t h e  r e a l  r o o t s  of t h i s  equat ion w i l l  concern u s  

It is  poss ib l e  t o  consider  t h i s  r o o t  of t h e  second m u l t i p l e  a s  
an  approximate va lue  of t h e  r o o t s  of equat ion (8), f o r  i t  w a s  obtained 
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a s  a r e s u l t  of a small change of one of t h e  c o e f f i c i e n t s  of t h e  
equat ion.  

W e  s h a l l  des igna te  t h e  d i f f e rence  between t h e  t r u e  va lue  of /&& 
t h e  r o o t s  of equation (8) and t h e  approximate = - 1 v i a  E .  Then, 

1 , 2  
broken down i n t o  Taylor ' s  t h e o r i e s ,  equat ion (8) w i l l  become 

2 

1 . 2  
E E f(K) = f (- 1 + 8 )  = f (- 1) + i f' (- 1) + - f "  (- 1) + ... = 0. 

We s h a l l  de f ine  t h e  cor rec t ion  E from t h i s  series, wh i l e  d i s r e -  
garding a l l  terms which con ta in  E t o  t h e  t h i r d  power and h ighe r ,  which 
g ives  us  

2 (1 $. p - q)s t 2qe - q = 0. 

A r e f i n e d  va lue  of t h e  r o o t  of  equat ion (8) w i l l  be  

This refinement i s  q u i t e  p r a c t i c a l .  For t h e  unreinforced s h e l l ,  
f o r  i n s t a n c e ,  a f t e r  d i s r ega rd ing  the smal l  terms according t o  compari- 

son w i t h  - and u n i t y ,  w e  have h 
r 

K l J 2  - [l 'F (1 + p,) r 
( 

S u b s t i t u t i n g  t h i s  va lue  i n  expression ( 7 ' ) ,  d i s r ega rd ing  t h e  small  
t e r m s  and r e t a i n i n g  only t h e  p lus  s ign  i n  t h e  parentheses  of (9a), and 
assuming t h a t  E = 2G (1 + p) ,  w e  obta in  
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o r ,  when n = 2 and p = 0 . 3 ,  

0 x 0.36 c i r  

These equations were developed by S. P. Timoshenko from t h e  
gene ra l  theory of s h e l l s  by means of t h e  s o l u t i o n  of systems of t h r e e  
equat ions ( i n  p a r t i c u l a r  d e r i v a t i v e s ) ,  whereupon t h e  hypothesis  w a s  
used as a b a s i s  f o r  t h e  formation of long halfwaves along t h e  
g e n e r a t r i c e s .  

A s  a numerical example w e  s h a l l  estimate how much t h e  t r u e  quan t i ty  

K d i f f e r s  from t h e  value of 

We assume a r e in fo rced  s h e l l  w i th  a fuse l age  J 

r = 60 cm, h = 0.2 cm and p = 0.3 and o b t a i n  K =  - 0 . 9 4 .  

= -1 i n  t h e  s t a b i l i t y  l o s s  of t h e  s h e l l .  
1 9 2  

= 0 . 0 4  c m  3 , 
st r  J r i b  

h 
r For t h e  unreinforced s h e l l  with - = 0.003 and p = 0.3, K = - 0 . 9 9 3 .  

Thus, f o r  a broad class of  she l l s ,  l o s s  of s t a b i l i t y  i s  p o s s i b l e  
when t h e  va lue  of K i s  nea r ly  -1. 
deformation is almost absent (Y M 0). 
i n  t h e  au tho r ' s  d i s s e r t a t i o n ,  i t  follows t h a t  equat ion (7a) i s  accu ra t e  
i n  t h e  va lues  n 5 10. Moreover, the shear  deformation i n  t h e  mean su r -  
f a c e  and t h e  t o r s i o n  of elements p r a c t i c a l l y  a t  t h e  q u a n t i t y  of t h e  
c r i t i c a l  load are no t  influenced and t h e r e f o r e  can be  disregarded com- 

This implies  t h a t  i n  bulging,  shear  
From an i n v e s t i g a t i o n  conducted 

p l e t e l y ;  i . e . ,  i t  i s  poss ib l e  t o  s e t  Y = 0 and Xzs = 0 ,  implying t h e  

absence of shear  deformation e 

manner, i t  i s  poss ib l e  t o  add s t i l l  another cond i t ion  e = e = 0 

t o  t h e  b a s i c  deformation hypotheses of t h e  general  theory of s h e l l s  

along t h e  e n t i r e  s h e l l .  I n  t h i s  
Z S  

Z S  s s  

e * e = e = 0 i n  determining t h e  c r i t i ca l  load of compression of 

a c y l i n d r i c a l  s h e l l .  

sn  zn nn 

14 84 - 
Such a hypothesis ,  while  g rea t ly  s impl i fy ing  t h e  c a l c u l a t i o n s ,  

does n o t  i n t roduce  any no t i ceab le  e r r o r s  i n t o  t h e  s i z e  of t h e  c r i t i c a l  
load of compression up t o  s i g n i f i c a n t  numbers of n.  

W e  s h a l l  explain t h e  n a t u r e  of t h e  o r i g i n  of t h e  supplementary 
normal stresses i n  t h e  casing,  which p l ays  a s i g n i f i c a n t  r o l e  i n  
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determining the critical load. In stability loss ,  bulges are formed, 
the sizes and shapes of which change from one cross-section to another. 
The changes in cross-sections in Y = 0 involve deplanations, which 
cannot be accomplished freely, because they differ from section to 
section. A s  a result of the deplanation constraint, supplementary nor- 
mal stresses arise along the generatrices. 

We shall find the critical load, as a result of the conditions 

e = e = 0. In this case, the above model is retained except that zs ss 

now we assume that no shears occur in the casing. 

On the basis of the condition e = 0 
Z S  

= 0. - - 
'0 shear '0 twist 

We shall determine the displacements w from the condition 

Then, 

r 

n 
w = - ui(z) 7 cos ncp + wo(z). 

The supplementary stresses OZz will be 

r 

n 
Eu;'(z) - cos ncp. 2 

0 = E - = -  aw 
ZZ az 

aw0 (Z) 
aZ = 0. Here, from the condition of equilibrium 0 we have zz, 

Then , 
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where 

(n2 - 112. 
4 ,  r 'rib Brib 

2 
Ca Eh - Lc' 

r 

n' 

Having completed the operation according to Euler's equation, we 
shall obtain the equilibrium equation of the system: 

After substituting in it the solution u = C sin kz and the /485 1 

solution of the characteristic equation in relation to p cir, we have 

The minimum condition p ~ gives cir 

and 

n r  

For the unreinforced shell, disregarding C in favor of Co str 

we have 
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but  

2 k2 = h(n2 - 1) n 

2r3 ,/=) 

We s h a l l  examine var ious  cases of s h e l l  bulging on t h e  b a s i s  of 
t h i s  s o l u t i o n .  

1. n = 1 ( the  c ros s - sec t ion  of t h e  s h e l l ,  which remains c i r c u l a r ,  
can be  d isp laced  i n  t h e  d i r e c t i o n  perpendicular  t o  t h e  z -ax is ) :  

Having assumed t h a t  t h e  bulging i s  poss ib l e ,  w e  must  consider  m $ 0. 

mn 
Then, t h e  condi t ion  k = - - 0 can be f u l f i l l e d  only i f  L = L 

s u b s t i t u t e d  the value  k i n  equation (7c), we o b t a i n  p . = 0 when n = 1. cir  

I n  t h i s  manner, t h e  l e a s t  c r i t i c a l  fo rce  i s  equal t o  zero i n  t h e  i n -  
f i n i t e  length  of t h e  halfwave. 

Having 

2 

I n  order  t o  determine t h e  c r i t i c a l  compression load i n  t h e  f i n i t e  

l e n g t h  L, i t  i s  necessary t o  s u b s t i t u t e  t h e  va lue  k 2 = @ ) 2  i n  equat ion 

(7c) when n =: 1. W e  then ob ta in  

2 
0 c i r  =I @($i 9 

where i = - i s  t h e  r ad ius  of i n e r t i a  of t h e  c ros s - sec t ion  of t h e  

s h e l l .  

This  i s  Euler ' s  equation fo r  a rod.  

I n  t h i s  p a r t i c u l a r  case ,  a shgll of s u f f i c i e n t l y  g r e a t  length  
can l o s e  s t a b i l i t y  a s  a f l e x i b l e  rod. 

The r e s u l t  obtained i s  a s  expected, s i n c e  equat ion (10) i s  a 
g e n e r a l i z a t i o n  of E u l e r ' s  equat ion f o r  a f l e x i b l e  rod i n  t h e  case  of 

c 



16 

asymmetric bulging from a x i a l  compression of  a c i r c u l a r  c y l i n d r i c a l  
s h e l l .  I n  h i s  d i s s e r t a t i o n ,  t h e  author [SI demonstrates t h a t  E u l e r ' s  
equat ions f o r  a rod supported a t  the ends by hinges,  as w e l l  as f o r  a 
rod w i t h  one end f ixed  and t h e  other  f r e e ,  can b e  obtained from 
equation (10). 

/486 

2. n = 2 ( e l l i p s e s  are formed i n  t h e  c ros s - sec t ions ) .  Accord- 
i n g  t o  equat ion (7a), when P = 0 . 3 ,  it i s  p o s s i b l e  t o  imagine t h e  
l e a s t  c r i t i c a l  stress of compression i n  t h e  form 

This stress i s  lower than i n  symmetrical bulging. The l eng th  of t h e  

L halfwave --, which corresponds t o  the s t a b i l i t y  loss, when p = 0 . 3  i s  

L~ 1.65 r c .  m 

3.  With a f u r t h e r  i nc rease  of t h e  number of waves n i n  t h e  cross-  

i n  equat ion (7a), when (n2 - 1) s e c t i o n ,  t h e  c o e f f i c i e n t  

p = 0 . 3 ,  w i l l  approach value 0.6,  and t h e  l eng th  of t h e  l o n g i t u d i n a l  
h a l f  wave w i l l  decrease.  Thus, f o r  i n s t a n c e ,  when n = 10, w e  ob ta in  

(n2 + 1) d f i  

E 
0 c i r  . 0 .6 - ,  - r 

h 

b u t  

m li = 0.06 r 6 .  

W e  s h a l l  no te  t h a t  Eu le r ' s  so lu t ion  of t h e  problem of t h e  
s t a b i l i t y  of a f l e x i b l e  bar  i s  based on t h e  hypothesis of p l ane  s e c t i o n s  
which corresponds t o  t h e  assumption of t h e  absence of a l l  components 

of shea r  deformations i n  t h e  rod (exz = e = e = 0).  
Y= Xy 

The s o l u t i o n s  obtained on the b a s i s  of t h e s e  same condi t ions 
r e l a t i v e  t o  shea r  deformation a r e  a g e n e r a l i z a t i o n  of E u l e r ' s  s o l u t i o n  
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in the more complicated cases of asymmetrical bulging from axial com- 
pression of the long as well as the short reinforced circular cylindri- 
cal shell. 

2. LOSS OF STABILITY OF THE REINFORCED CIRCULAR CYLINDRICAL 
SHELL SUBJECTED TO PURE BENDING 

The problem of stability of the circular cylindrical thin shell 
subjected to pure bending in the presence of a temporary internal 
pressure was examined thoroughly by Ye. D. Pletnikova in 1949. In her 
work [11, the possibility of bulging of shells along the long longitud- 
inal halfwaves was indicated. However, these cases were not success- 
fully investigated because of the practical difficulty of utilizing the 
determinants of a considerably higher order than eight, which would 
lead to still more cumbersome calculations than those made in this 
interesting work. 

In the present investigation, we are attempting to deter- 
mine the critical bending load in the bulging along the long longitud- 
inal semi-halfwaves. The normal stress from the action of the bending 
moment will be distributed following the plane law according to the 
elementary theory of beams. The linear stresses in the cross-section 
will be expressed in the form 

/487 - 

p = p cos cp 0 

where 

Fstr is the area of the stringer, 

b is the distance between stringers, and str 

J being the moment of inertia of the cross-section. 

The mechanical picture of the origin of the complementary normal 
stresses in the mean surface and the functions of the ribs and stringers 
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of t h e  model i n  t h e  case of bulging from p u r e  bending i s  s imilar  t o  t h a t  
of bulging along an asymmetrical shape due t o  c e n t r a l  compression. 

A s  a b a s i s  of t h e  s o l u t i o n ,  we s h a l l  assume t h e  deformation 

hypotheses e = 0 and e = 0 ,  which, as has  been shown above, w a s  

j u s t i f i e d  i n  t h e  i n v e s t i g a t i o n  of s t a b i l i t y  of s h e l l s  subjected t o  
c e n t r a l  compression. 

2s ss 

We s h a l l  employ t h e  same method and w i l l  r e t a i n  t h e  previously 
c a l c u l a t e d  model. 
product of t h e  two funct ions 

We s h a l l  accept  the displacement i n  t h e  form of t h e  

The l a w  of t h e  change ofasa&e+k displacements u i n  t h e  c ros s -  
~. 

s e c t i o n  i s  cha rac t e r i zed  by t h e  funct ion u ( 6 ) .  We s h a l l  consider  t h a t  

i n  t h e  c ros s - sec t ions ,  t h e  bulging i s  d i s t r i b u t e d  only along t h e  p a r t  
of t h e  s h e l l  l oca t ed  i n  t h e  compressed zone up t o  a n e u t r a l  l i n e ,  un- 
til t h e  stress of t h e  s h e l l  along t h e  g e n e r a t r i c e s  a g a i n s t  one s i d e  of 
t h e  n e u t r a l  l i n e  o b s t r u c t s  t h e  bulging. This cond i t ion  has been con- 
firmed experimentally.  

2 

Thus, t h e  l o s s  of s t a b i l i t y  during bending changes t h e  deformed 
and s t r e s s e d  states of t h e  s h e l l  s i g n i f i c a n t l y  only i n  t h e  compressed 
zone. We s h a l l  s ea rch  f o r  t h e  funct ion u (s) i n  t h e  form of a 

t r i gonomet r i c  series 

2 

i i 

(12) 
S u2(s) = C Ai cos(n + i) - = Ai cos(n + i) 'p r 

i = O  i = O  

We s h a l l  demand t h a t  it s a t i s f y  t h e  following four  b a s i c  con- 

d i t i o n s :  

c ros s - sec t ion  e = 0,  t h e  kinematic cond i t ions  of t h e  l i m i t s  &- (at  t h e  

p o i n t s  of i n t e r s e c t i o n  o f  t he  neu t r a l  l i n e s  w i t h  t h e  mean s u r f a c e ) ,  

t h e  cond i t ion  of nonex tens ib i l i t y  of t h e  mean l i n e  of t h e  

IT 
ss 2 
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u2 @) = 0 ,  v ( = ; ) = o  

and t h e  b a s i c  s t a t i s t i c a l  cond i t ion  of t h e  disappearance of bending 
- 

moments i n  t h e  r i b s  i n  t h e  same boundaries - u" 
2 .  

p o s s i b l e  t o  s a t i s f y  t h e s e  requirements by l i m i t i n g  t o  t h r e e  members /488 

of t h e  series (12) i n  t h e  corresponding s e l e c t i o n  of c o e f f i c i e n t s  A 

W e  determine t h e  displacement from the cond i t ion  e = 0 and o b t a i n  

i' 

ss 

From a cond i t ion  of symmetry of t he  bulging forms i n  t h e  c ros s -  

s e c t i o n  r e l a t i v e  t o  t h e  o r i g i n  of t h e  r ead ing  of  angles  c p ,  w e  have v 

Then, 

= 0. 0 

where 

s i n  (n A2 
(n + 2) 

s in (n  + 1 ) ~  - s i n  ncp - - v2(@ = - - n n +  1 
A1 AO 

Thus, w e  have a uniform system of t h r e e  l i n e a r  equat 

t h r e e  unknowns: Ao, A1, and A2 

u2 c;) = A. cos n TT - + A i  cos(n + 1) + A cos(n + 2) 
2 2 

Tr 
s i n ( n  + 1) - - n A1 s i n  n - - 

n 2 (n + 1) 2 

ons w i t h  

Tr - = 0; 
2 

Tr 
s in (n  + 2) - = 0; A2 

(n + 2) 2 
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0. 2 - (n + 2)  cos  (n + 2) = 2 

I n  order  t h a t  t h i s  system have a non-zero s o l u t i o n  f o r  A i t  i s  i’ 

necessary and s u f f i c i e n t  t h a t  i t s  determinant be  equal t o  zero: 

A = 0. 

This condi t ion i s  f u l f i l l e d  only i n  odd va lues  of  n = 1, 3 ,  5, ... 
Moreover, A1 0. Having accepted A = 1, which cannot i n f luence  t h e  

end r e s u l t ,  w e  s h a l l  o b t a i n  

2 

consequently , 

n u2(cp) = n+2 cos ncp + cos (n + 2)cp 

From t h e  condi t ion Y = 0 ,  we f i n d  

W e  o b t a i n  supplementary normal s t r e s s  along t h e  g e n e r a t r i c e s  from t h e  

c o n d i t i o n  0 = E - aw 
z z  a,. I n  accordance w i t h  t h e  hypothesis t h a t  t h e  

s t a b i l i t y  loss during bending changes t h e  deformed and s t r e s s e d  states 
of  t h e  s h e l l  only i n  t h e  compressed zone, i . e . ,  up t o  t h e  n e u t r a l  l i n e ,  
t h e  diagram of normal stresses should be i n  a s t a t e  of equi l ibr ium 
w i t h i n  t h e  l i m i t s  of t h e  bulge.  To ensure t h i s  condi t ion,  w e  s h a l l  add 

two i t e m s  i n  t h e  expression o reduced t o  t h e  moments r e l a t i v e  t o  t h e  zz , 
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P 
9 Da 

n e u t r a l  a x i s  and t h e  a x i s  perpendicular t o  i t .  
be  expressed i n  t h e  form 

These s t r e s s e s  w i l l  /489 

TT 
A -  2 

B 2  
D =  

3 w a -  

cos (n + 2) cp + wo + 1 
2 0 =-Eu;l(z)r 

(n + 2) 
z z  n 

1 + a cos cp t b s i n  cp . J 
The i n t e g r a t i o n  c o n s t a n t w  and t h e  cons t an t s  a and b a r e  de- 0 

f ined  from t h e  equi l ibr ium s t a t e s  of stresses 0 : 
z z  

From these  condi t ions ,  we obtain 

where 

b = 0; 

Tr 1 -  
2 

D =  
E 2  2 

Dw0" - 
= -  Da 

wO D ' a = -. 
D '  

1 A  

TT 
- B  2 

Y 

whereupon 

A =  -[- AO 1 s i n  (n + 2) :] , s i n  n - +  TT 

3 (n + 2) 3 n 

Tr 
when n 5 1 and B = 0 ,  w i th  n # 1 - odd number. A. 2 and B = - 

The func t iona l  of f u l l  energy, which i s  accumulated by t h e  
system a f t e r  t he  bulging,  i s  wr i t t en  as 

ll + -  
L 2 

n - f i z  . r j ( W o  + Ao) dcp = 
- 

77 - -  0 
2 

0 
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where 

r F (U ,u’ ,u”) 1 1 1  

Here, t h e  fol lowing des igna t ions  are introduced: 

where 

Brib 
‘rib 1 ‘rib’ 

rp- 

where 

2 
Co = E r  hc,, 

when n j f  1 odd number 

2 

1 1. [:sin.- TT 2 + c, -[ % n + (n + 2)  4 2 + 4 w ~  3 

Aoa 417 

2 n 
i s  added t o  the  expression Co; when n = 1, t h e  t e r m  
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C P = A ; ] [ l +  4n2 - 1 ] + $  [l - 4n2 - 1 I/+\[’ -I- (2n + 3)(2n + 5) I+ 

From t h e  extremum cond i t ion  of t h e  func t ion  of f u l l  energy of  t h e  
bulg ing ,  w e  ob ta in  t h e  equi l ibr ium equation 

Af ter  s u b s t i t u t i n g  t h e  de r iva t ion  f = c s i n  kz and t h e  s o l u t i o n  

of t h e  c h a r a c t e r i s t i c  equat ion r e l a t i v e  t o  Po cir, w e  have 

1 2 ‘rib 
= -  (Ca + C s t r )  k + - 

c k  
P P 

‘0 c i r  c 2 .  

= 0 g ives  The minimum condi t ion  of t he  c r i t i c a l  load - 
a (k2> 

k2 3 $--- ‘rib 

‘a + ‘str 

Having s u b s t i t u t e d  (17) i n  (16) ,  w e  s h a l l  o b t a i n  a minimal va lue  
of c r i t i c a l  load f o r  t h e  var ious  numbers of n: 

o r ,  a f t e r  d i s regard ing  t h e  t e r m  Cstr i n  favor  of C,, w e  ob ta in ,  f o r  t h e  

unre inforced  s h e l l ,  
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where 

d. 

This expression of ' c r i t i c a l  load d i s r ega rds  the  minimum value  
when n = 1. Moreover, t h e  bulging i n  t h e  c ros s - sec t ion  i s  expressed 
a s  ( f i g .  2) 

I 

1 
3 u,(cp) = - cos cp + cos 3 'p. 

F u r t h e r ,  w e  f i n d  t h a t  /491 

= 100; co = 0.01; c = 1.62; 1) = 0 . 3 8  
r i b  P 

C 

and 

This va lue  of t he  c r i t i c a l  s t r e s s  i n  t h e  most compressed genera- 
t r i x  of a c y l i n d r i c a l  s h e l l  subjected t o  p u r e  bending i s  small com- 
pared wi th  t h e  va lues  c i t e d  i n  the  l i t e r a t u r e .  
l o n g i t u d i n a l  halfwave i n  which such a loss  of s t a b i l i t y  i s  p o s s i b l e  
(n = 1 corresponds t o  the  shape of t h e  bulging,  when t h r e e  halfwaves 
a r e  formed i n  the  c ross -sec t ion)  can be  determined from equat ion (17) .  
I t  i s  considerably less than the  length of t h e  halfwave of a c y l i n d r i c a l  
s h e l l  w i th  a loss  of s t a b i l i t y  from c e n t r a l  compression i n  a s i m i l a r  
ca se  ( t h e  case  of formation of t he  longes t  halfwaves along t h e  z -ax i s  i n  
t h e  e l l i p t i c a l  bulging i n  t h e  c ros s - sec t ion ) .  

The l eng th  of t he  

* The c a l c u l a t i o n  of t he  energy of shear  deformation i n  the  mean s u r f a c e  
and of t o r s i o n  y i e l d s  a d i f f e rence  of about 1 per  cent .  
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Fig.  2 Fig.  3 

For t h e  unreinforced s h e l l  we have, from expression (17), 

z L - =  x r ,  m 

25 

I 

I 

where 

I n  t h e  s h e l l  w i t h  CL = 0.3, t h i s  g ives  (:) = 0.003 and n = 1 t h e  

L l e n g t h  of a halfwave - M  5d, where d i s  t h e  diameter of t h e  s h e l l .  For 

t h e  r e in fo rced  s h e l l ,  t h e  length of t h e  halfwave along t h e  z-axis  

m 

diminishes  correspondingly i n  t h i s  t ype  of loss  of s t a b i l i t y .  

= Jstr = 0.04 cm , h = 0 . 2  cm,  r = 60 cm,  and example , when Jrib 

CL = 0.3, then - x  1.8d. Thus, a given shape of loss of s t a b i l i t y  i s  

completely poss ib l e ,  f o r  i n s t ance ,  f o r  a fuse l age  type of s h e l l .  

For 

3 /492 - 
L 
m 

When n = 3 ,  t h e  bulging i n  t h e  c ros s - sec t ion  i s  expressed by 
( f i g .  3) 
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3 
u2(cp) = ‘5 cos 3cp + cos 5cp. 

The c r i t i c a l  stress w i l l  be  

h 
r and t h e  length  of t he  halfwave f o r  the  s h e l l ,  when - = 0.003, i s  

L - a  3d. I n  f i g .  4 ,  t h e  magnitudes of t h e  c o e f f i c i e n t s  a r e  ind ica t ed  by m 

t h e  po in t s  V [ see  equat ion (18 ’ ) l  i n  var ious  numbers of n and co r re s -  

ponding dimensionless q u a n t i t i e s  5 = - m r  L fi= xc [see equat ion 

( l 7 a ) l ,  i n  which t h e  c r i t i c a l  load rece ives  minimal va lues .  For b e t t e r  
v i s i b i l i t y ,  t h e s e  po in t s  a r e  connected by a broken l i n e .  By using t h i s  
curve,  it i s  easy t o  ob ta in  t h e  minimal c r i t i c a l  stresses i n  t h e  
va r ious  numbers of n during bending, and t h e  length  of t h e  halfwaves i n  
which t h e  stresses are poss ib l e  f o r  t h e  s h e l l  w i th  t h e  e s t ab l i shed  
va lues  h and r .  

We s h a l l  follow t h e  r e l a t i o n  of t h e  c r i t i c a l  load t o  t h e  l eng th  
of t h e  s h e l l  i n  t he  loss of s t a b i l i t y  i n  g r e a t e r  d e t a i l  along a 
s u f f i c i e n t l y  long long i tud ina l  halfwave when n = 1. Expression (16) 

W e  s h a l l  t ranspose  t h i s  g ives  va lue  p 

express ion  so  t h a t ,  i n  t h e  assigned number n ,  we have t h e  r e l a t i o n  of 

mTT as a func t ion  of k = - o c i r  L .  

t h e  quan t i ty  1 (E) , which cha rac t e r i zes  t h e  c r i t i c a l  load ,  t o  t h e  

L 
m q u a n t i t y  5 ,  which de f ines  t h e  only p o s s i b l e  length  of t h e  halfwave - i n  

t h e  assigned va lues  h and r.  

W e  have 

C 
r i b  ,2 

2 2 ’ ” ‘  

0 ’  2 

p 52 c 12(1  - p )p E C 

P 

Where p = 0.3  and n = 1, w e  ob ta in  
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0 

cir ($= 6 . 3  - 5 + 5.8 - 10 -1 <2 
5 E 

cr 
According t o  equat ion (20), t h e  va lues  - (:)were ca l cu la t ed  E 

a s  func t ions  of 5 .  

The r e s u l t s  a r e  shown by a continuous l i n e  i n  f i g .  4 .  
i n d i c a t e s  t h e  c r i t i c a l  load dur ing  p u r e  bending of t he  s h e l l  w i th  any 
parameters i n  t h e  case  & € n o  p l a s t i c  deformation occurs .  

The graph 

\ 

For example, i f  t he  length  of t h e  s h e l l  i s  such t h a t  t h e  va lue  
5 ,  when m = 1 ( i n  t h e  hypothesis of formation of one long i tud ina l  h a l f -  
wave) i s  less than 0 . 3 ,  then the  s h e l l  w i l l  bulge through a con- 
s i d e r a b l e  quan t i ty  of l ong i tud ina l  and c ross - sec t iona l  halfwaves (g rea t e r  
numbers of m and n);  i n  a c t u a l  numbers, 5 ss 0.03. 

/ 4 9 3  - 

Moreover, i n  accordance wi th  our conclusions,  t h e  c r i t i c a l  

stress i n  t h e  most compressed longi tudina l  f i l ament  of t h e  s h e l l  w i l l  be 

Eh 
c l o s e  t o  t h e  va lue  0 = 0.75 -. 0 c i r  r 

I f  t h e  l eng th  of t h e  s h e l l  i s  such t h a t  when m = 1, a va lue  of 
more than 0 . 3  i s  obtained,  then t h e  g r e a t e s t  c r i t i c a l  stress w i l l  be  i n  
t h e  formation of long halfwaves along t h e  z -ax i s  (bulging i n  t h e  c ros s -  
s e c t i o n  of t h r e e  halfwaves of n = 1 ) .  

--.. ----- 

Fig .  4 
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According t o  t h e  graph presented i n  f i g .  4 ( the  continuous l i n e ) ,  
i t  i s  simple t o  determine t h e  c r i t i c a l  load f o r  any l eng th  of  s h e l l  i n  

such a case. I n  a s h e l l  w i t h  - = 3 10 , as w e  have a l r eady  noted h - 3  
r 

p o s s i b l e  a long t h e  z -ax i s ,  s i n c e ,  when m = 1 ( 5  = 0.8) and m = 2 
(5  = 0 . 4 ) ,  t h e  minimum c r i t i c a l  loads w i l l  have i d e n t i c a l  values .  
t h e r ,  i f  w e  have a s h e l l  w i t h  L M 8.7d, when m = l ,  then < M l ,  and 

when m = 2 ,  then 

obtained i n  t h e  bulging of a s h e l l  along t h e  z-axis .  
i n c r e a s e  i n  length,  t h e  s h e l l  w i l l  always l o s e  s t a b i l i t y  i n  values  of 

Fur- 

= 0 . 4  - x 0 . 5 ;  t h e  least c r i t i c a l  stress 0 0 c i r  (i) is 

With a f u r t h e r  

E c r i t i c a l  stresses near  0 cir ' = 0 . 4  . 
- /494 
h 

During t h i s  t i m e  t h e  quant i ty  of l o n g i t u d i n a l  halfwaves i s  equal  
t o  two o r  more. 

Figure 4 presen t s  cases of l o s s  of s t a b i l i t y  of t h i n  s h e l l s  w i t h  
it i s  0 ci-r, any d a t a  provided 5 2 0.3. 

easy t o  d e r i v e  t h e  c r i t i c a l  bending moments according t o  t h e  formula 

From the va lues  obtained f o r  0 

where 

3 J = TTr h. 

W e  s h a l l  now i n v e s t i g a t e  the r e l a t i o n  of the c r i t i c a l  load of a 
r e in fo rced  s h e l l  subjected t o  bending t o  i t s  l eng th  and t h e  loss  of  
s t a b i l i t y  i n  s u f f i c i e n t l y  long long i tud ina l  halfwaves when n = I*. 

* A s  c a l c u l a t i o n s  have shown, when n = 1, t h e  least c r i t i c a l  load i s  
obtained f o r  s u f f i c i e n t l y  long reinforced s h e l l s ,  as w e l l  as f o r  un- 
r e i n f o r c e d  s h e l l s .  
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. 

I I I I 
0.1 0.2 0.3 0.4 3 

Fig .  5 

We s h a l l  t ranspose  the  general express ion  (16), which g ives  t h e  

mn h a s  a func t ion  o f  k = - , i n  o rde r  t o  o b t a i n  

- 0 c i j  P e p c e 3 ( : )  

= o  o c i r  o c i r  Lo 
value  of p 

dependence of t h e  dimensionless q k m t i t y  q E 0 c i r  

(which c h a r a c t e r i z e s  t h e  c r i t i c a l  load) on another  dimensionless quan t i ty  

5 = c ( w h i c h  cha rac t e r i zes  i n  t h e  assigned va lues  of h and r t h e  m r  

only p o s s i b l e  l eng th  of a halfwave ") i n  a s p e c i f i c  number n. m 

We have 
.T 

J s t r  co + - C 

' r ib J r i b  

c n  h3 

2 s tr  { =  h r  

P 

ll . - + - * - 52 

P 
s2 90 c i r  C 

c by v i r t u e  of i t s  Js tr 
It i s  p o s s i b l e  t o  d is regard  t h e  term - 

h r  2 str 

low va lue  i n  comparison wi th  co. Then, when p = 1, we have 

J r i b  52. 
; = 6 . 3  l o e 2  L+ 6 . 3  - 

e2  h3 40 c i r  
5 

The graph presented i n  f i g .  5 i s  cons t ruc ted  according t o  equat ion 
7 

r i b  

h3 

J 

(21) f o r  a fuselage-type s h e l l  with t h e  va lue  - = 15. This i n d i c a t e s  
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t h a t  t h e r e  i s  an inc rease  i n  t h e  bending r i g i d i t y  along t h e  s-coordinates  
of more than 150 t i m e s  as compared with t h e  unreinforced s h e l l  w i t h  

5= 

*rib Egen: 

J r i b  r e i n f o r .  

r i b  unreinf or .  J 

From t h i s  graph, i t  i s  

2 12(1 - IJ. ). - J r i b  r e i n f o r  - 
h3 

easy t o  determine t h e  c r i t i c a l  load /495 - 
f o r  any r e in fo rced  s h e l l  i n  which the parameter - Jrib - - 15. 

h3 

Similar  graphs are e a s i l y  constructed according t o  equat ion (21) 
1 

r i b  f o r  s h e l l s  w i t h  o the r  values  of - 
h3 ' 

.I 

A s  i s  seen from t h e  graph, beginning w i t h  t h e  values  5 = 0.115 
and above, t h e  c r i t i c a l  stresses w i l l  n o t  i nc rease  t h e  va lue  

Actual ly ,  i f  w e  o b t a i n  5 2 0.23 using t h e  hypothesis t h a t  a t  any 
2 6 . 3 ) ,  40 c i r  l e n g t h  of s h e l l  one halfwave i s  formed ( i n  a d d i t i o n ,  

then n o t  one bu t  two o r  s eve ra l  l ong i tud ina l  halfwaves a r e  formed, and 

90 c i r  2 6.3 whenever 0.115 5 5 2 0.24. 

The minimum poss ib l e  va lue  f o r  t h e  s h e l l  i n  quest ion w i l l  be  
= 4 . 8  when 5 = 0.16. 40 c i r  

I f  a s h e l l  i s  f i l l e d ,  f o r  example, w i th  a material  w i t h  a 

= 0 .3  c m  and 6 
reduced r e s i l i e n c e  E = 0.7 

r 
- I  800, then h 

10 kg/cm2, with h = 0.15 cm, h 

2 6 
o +  = 4.8 * 0.5 O S 7  lo M 2 ,100  kg/cm . 

a . i o2  o c i r  
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I n  add i t ion ,  t h e  l eng th  of t h e  l o n g i t u d i n a l  halfwave w i l l  b e  

- L = 5 r e= 1 .6  . lO-'dWr = 4.5r = 2.25d. 
m 

L 
m The l eng th  of t h e  ha l f  wave - M  1.6d corresponds t o  a va lue  of 

5 = 0.115. 
r e in fo rced  s h e l l  during bending. The c r i t i c a l  stresses obtained,  end 
t h e  smallest ones must be  selected. T F  , P ,  

r .  

of a s h e l l  during pure bending and the case of loss of s t a b i l i t y  due t o  
c e n t r a l  compression. 

Here, w e  have inves t iga t ed  t h e  gene ra l  s t a b i l i t y  l o s s  of a 

/ 
, -  1 / * -  ' - I .  - .  e 

c . . i  
_ -  / 

1- ! .- - 
I I .  

T" 

,I -% /, 

'We note"a - c e r t a i n  anaio& between t h e  case of loss  of s t a b i l i t y  

I n  s u f f i c i e n t l y  long s h e l l s ,  f o r  example, i n  t h i s  as w e l l  as i n  
another  case, s t a b i l i t y  l o s s  i s  poss ib l e  along t h e  long long i tud ina l  
halfwaves and a s m a l l  quan t i ty  of halfwaves i n  t h e  c ros s - sec t ion .  

This s t a b i l i t y  l o s s  also occurs i n  less c r i t i c a l  stresses than i n  
t h e  case of s h o r t  l ong i tud ina l  waves (during bending, f o r  i n s t a n c e ,  t h e  

minimum CJ = 0.38 - E when n = 1, and i n  t h e  case of c e n t r a l  cam- r 
h 

0 c i r  - 
E 
r 
h 

p r e s s i o n ,  0 = 0.36 - ). - 0 c i r  - 

However, i n  case of bending, t h e  minimum leng th  of s h e l l s  i n  
which such a s t a b i l i t y  loss is:considerably less than i n  t h e  case of 
compression. Consequently, a given shape can be  found considerably 
more o f t e n  i n  cases of bending than i n  cases of c e n t r a l  compression of 
s h e l l s .  

I49 6 - 3. EXPERIMENTAL RESULTS 

Cr i t ica l  loads and t h e  bulging of c y l i n d r i c a l  s h e l l s  du r ing  pure 
bending have been v e r i f i e d  experimentally.  For t es t  purposes,  long 
c y l i n d r i c a l  s h e l l s  w i t h  a diameter of 54 mm have been prepared. 
c y l i n d e r s  are glued toge the r  w i th  a special  g lue  made out  of s t ee l  
lamina, 0 .1  mm t h i c k ,  w i th  t h e  following s p e c i f i c a t i o n s :  

These 
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Fig.  6 

-. , -. 

Fig.  7 

S t r i p s  approximately 7 mm wide were glued toge ther  w i th  an over- 
l a p .  
e longated zone i n  order  t o  e l imina te  i t s  in f luence  of t h e  bulging.  

During t h e  bending of t h e  cy l inder ,  a s t r i p  w a s  loca ted  i n  t h e  

A t  bo th  ends, continuous dura l  cy l inde r s  were i n s t a l l e d ,  t o  which 
s h e l l s  t o  be t e s t e d  were glued and which were s t rengthened by w i r e .  t h e  

Fig. 8 
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Couples were at tached t o  t h e  ends of t h e  c y l i n d e r  i n  such a 
manner t h a t  t h e  s h e l l  w a s  loaded by means of pure bending. I n  a l l ,  12 
cy l inde r s  were t e s t e d .  
graph of f i g .  4 ,  which i n d i c a t e s  t h a t  t h e  bulging occurred along one 
long long i tud ina l  halfwave i n  t h e  formation of t h r e e  halfwaves i n  a 
c ros s - sec t ion  i n  t h e  compressed area of t he  s h e l l  (n = 1). 

Their l eng th  was determined on t h e  b a s i s  of t h e  

On t h e  b a s i s  of  t h i s  theory,  the expected shape of bulging was 
confirmed by t h e  experiment. I n  f i g .  6 ,  t h e  complete bulge of one of 
t h e  images is  shown, and i n  f i g .  7 ,  i t s  s i d e  view. 

A view of t h e  experimental apparatus i s  presented i n  f i g .  8. On 
149 7 t h e  b a s i s  of t h e  dynamometer-measured c r i t i c a l  f o r c e  p c i r  t h e  - 

bending moment of t h e  s h e l l  was ca l cu la t ed ,  as w a s  t h e  amount of c r i t i c a l  
stress i n  t h e  most compressed gene ra t r ix  according t o  t h e  formula 

r - - .M& c i r  
(OO cir’exper J 

I n  f i g .  9 ,  t h e  t h e o r e t i c a l  graph of f i g .  4 i s  repeated,  b u t  only 

1 are  ind ica t ed  by crosses ,  r e f e r r e d  t o  t h e  quan t i ty  
t h e  curve f o r  p-- 1 i s  r e t a ined .  The experimental  c r i t i c a l  stresses 

(‘0 c i r  exper 

- Eh. It i s  seen t h a t  t h e  experimental c r i t i c a l  stresses f l u c t u a t e  w i t h i n  r 

a range of 83 t o  100 per  cent  of t he  t h e o r e t i c a l  stresses. 

Fig. 9 

Thus, t h e  d i f f e r e n c e  between t h e  q u a n t i t i e s  of c r i t i c a l  stresses 
obtained on t h e  b a s i s  of t h e  theory o f  s m a l l  displacements and t h e  
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q u a n t i t i e s  of experimental c r i t i c a l  stresses i n  t h e  case of  bulging 
along long long i tud ina l  halfwaves during bending is considerably less 
than i n  t h e  case of bulging along shor t  l o n g i t u d i n a l  halfwaves due t o  
c e n t r a l  compression. 

* 

The l a s t  case of s t a b i l i t y  loss w a s  i n v e s t i g a t e d  t h e o r e t i c a l l y  
and experimentally i n  d e t a i l  by A .  S. Vol'mir. H e  showed t h a t ,  i n  t h i s  
case, t h e  c r i t i c a l  stresses of compression obtained by him on t h e  b a s i s  
of t h e  theory of g r e a t  displacements (very c l o s e  t o  those  obtained 
experimentally) comprised i n  a l l  25 per cen t  o r  more of t hose  obtained 
on t h e  b a s i s  of t h e  theory of small  displacements. 

CONCLUSION- 

1. The in t roduc t ion  of function K makes p o s s i b l e  t h e  placement 
of only weak r e s t r i c t i o n s  on t h e  s h i f t  deformation and allows t h e  r o l e  
of t h e  s h i f t  i n  a gene ra l ly  deformed s t a t e  of c i rcu lar  c y l i n d r i c a l  
s h e l l s  t o  be inves t iga t ed  during bulging due t o  c e n t r a l  compression. 

The opportuni ty  of using t h e  hypothesis of t h e  absence of s h i f t s  
[e = 0 (Y = 0 and Xzs = 0 ) ,  together w i th  e e = 01 i n  t h e  

Z S  sn sn 

s o l u t i o n  of some problems concerning t h e  s t a b i l i t y  o f  s h e l l s  became 
apparent .  On t h e  b a s i s  of t h i s  hypothesis,  equat ion (1) w a s  obtained,  
which i s  a gene ra l i za t ion  of Euler ' s  equat ion f o r  a f l e x i b l e  rod i n  
cases of asymmetric bulging due t o  a x i a l  compression of long, as 
w e l l  as s h o r t  c i r c u l a r  c y l i n d r i c a l  s h e l l s .  

/498 

2. The hypothesis allowed the problem t o  be  resolved by determin- 
i n g  t h e  c r i t i c a l  load during t h e  pure bending of a long, c i r c u l a r  
c y l i n d r i c a l  s h e l l .  

It  has been shown t h a t ,  beginning w i t h  c e r t a i n  l eng ths ,  t h e  s h e l l  
l o s e s  s t a b i l i t y  along long long i tud ina l  halfwaves wi th  t h e  formation 
of t h r e e  halfwaves i n  a cross-sect ion i n  t h e  compressed area of t h e  

s h e l l .  For a s h e l l  w i th  - = 0.003 and p = 0 . 3 ,  f o r  example, t h i s  type 

of s t a b i l i t y  loss  i s  p o s s i b l e  wi th  lengths  of more than 3% diameters;  
f o r  t h e  r e in fo rced  s h e l l ,  t h e  ind ica t ed  s t a b i l i t y  loss  i s  p o s s i b l e  
w i t h  even less length.  

h 
r 

3 .  It  has been shown t h a t  a t h i n  s h e l l ,  beginning w i t h  c e r t a i n  
l e n g t h s ,  l o s e s  s t a b i l i t y  a s  a result  of pure bending when 
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E 
r 
h 

0 2 0.4 - . - o c2r 

a 
0 c i r  The minimum p o s s i b l e  t h e o r e t i c a l  c r i t i c a l  stresses i s  CJ 

E 
r = 0.38 -. 

4 .  Resul t s  of t h e  inves t iga t ion  were presented wi th  r e fe rence  

S imi la r  graphs a r e  e a s i l y  cons t ruc ted  f o r  r e i n -  
t o  a s i m i l a r  graph f o r  p r a c t i c a l  use  ( f i g .  4 ) ,  accura t e  f o r  t h i n  s h e l l s  
w i th  any parameters.  
forced s h e l l s  using equat ion (21). ' 

Experimental c r i t i c a l  s t r e s s e s  f l u c t u a t e  w i t h i n  a range of 83 t o  
100 p e r  cen t  of t h e  t h e o r e t i c a l  values  presented by t h e  graph. 

Trans la ted  by Joseph L. Zygielbaum 
Elec t ro-Opt ica l  Systems, Inc.  
Pasadena, C a l i f o r n i a  
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